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 Abstract: Engineers have been using the material balance equation (MBE) for almost the last 
five decades to estimate cumulative production. However, it still is an effective tool to 
estimate the original hydrocarbon (oil and gas) available in the reservoir. The conventional 
material balance method has been successfully applying for the regular structure of a typical 
reservoir. In this method, all formation properties are assumed constant. However, it is very 
important to take care of the alteration of rock and fluid properties concerning space and 
time during the production history of the reservoir. Therefore, there is an immense need to 
understand how rocks and fluid properties change with space and time. In this paper, a 
thorough review and critical analysis of MBE are presented so that researchers can find a 
solution to why and how the incorporation of continuous alteration phenomena is needed to 
be considered during the development of new and dynamic MBE. Besides, the need for 
incorporation of all unconventional properties is detailed in this review research This review 
will help the new researcher to get a guideline for starting further research on the material 
balance equation. This study makes a crucial scope for carrying research to make a way out 
for the nonlinear behavior of the reservoir. This article also shows how different 
unconventional properties of the reservoir have been overlooked in many researches works. 
Finally, a guideline is provided to overcome the previous challenges in estimating 
hydrocarbon reserve, and workflow is presented to develop a new dynamic MBE. 
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1. Introduction 

MBE is recognized as one of the most efficient techniques 
to estimate the hydrocarbon reserve. In the case of a 
conventional hydrocarbon reservoir, a graphical 
representation of P/Z versus GP can be made. If there is no 
water influx, it gives a linear trend and this method is used 
to estimate the original-gas-in-place (OGIP) (Dake 1978). 
For using the conventional MBE, fracture and other 
unconventional properties should be considered. To 
analyze reservoir performance, several endeavors have 
been accomplished by the material balance method. 

Schilthuis (1936) was the first who formulated the material 
balance analysis. And later, several MBE has been offered 
for a single porosity reservoir (Muskat 1949, Pirson 1958, 
Amyx et al. 1960, Craft et al. 1991, Dake 1994, Walsh 
1995). A graphical representation of MBE as a straight line 
was recommended by Havlena and Odeh (1963). Likewise, 
Campbell (1978) offered a proposal to identify the new 
method of depletion mechanisms, e.g., gas cap or water 
drive. However, in the case of the complex reservoir, the 
scenario becomes completely different. 
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1.1 Complex Reservoir 

Structurally complex reservoirs are a specific class of 
reservoirs in which fault and fracture play an important 
role in petroleum trapping and production behavior. There 
is an increasing technical challenge to handle these 
behaviors accurately (Moller-Pedersen & Koestler 1997; 
Coward et al. 1998; Knipe et al. 1998; McClay 2004; 
Swennen et al. 2004; Sorkhabi and Tsuji 2005; Lonergan et 
al. 2007). A significant number of hydrocarbons are 
trapped in these complex reservoirs. Production engineers 
face huge challenges to extract these remaining trapped 
hydrocarbons. The updated production tools are providing 
sufficient technology to produce hydrocarbon from these 
faulted and fractured reservoirs. However, improved 
analytical models are needed to optimize field 
development, rates of production, and ultimate recovery 
(Jolley 2007). This analytical model usually begins with 
imaging and mapping from the 3D seismic survey. A 3D 
structural framework model can be developed by using a 
newly developed modeling technique thatcan easily 
investigate the fault and fracture conditions of the 
reservoir (Badley et al. 1990; Needham et al., 1996; Rutten 
and Verschuren 2003). Figure 1 shows a geological 
formation of the structurally complex reservoir. 

1.1.1 Fractured Reservoir 

During the last few years, research on material balance has 
been conducted for the fractured reservoir to improve the 
reservoir analysis. However, all previous works apply to 
limited ranges of data. Porosity and permeability 
throughout the reservoir are assumed uniform in the case 
of conventional MBE.  As a dual-porosity system is 
generated for the naturally fractured reservoirs (NFR), the 
assumption is not valid. The compressibility of fractures is 
much   higher  than   the  matrix.  Besides, the  porosity   of 

 

Fig. 1. A sample of structurally complex reservoirs. 

fracture and matrix changes when there is a change in 
pressure (Nelson 1985). Walsh (1994) developed a 
comprehensive straight-line method to estimate 
hydrocarbon reserve for the conventional reservoir and 
this method applies to a full range of reservoir fluids.  This 
paper presents all previous works on the conventional 
reservoir in an organized way so that readers can capture 
the missing criteria for an unconventional reservoir 
without difficulty. 

1.1.2 Tight Gas Reservoir 

To produce natural gas at an economic rate from low 
permeability reservoir rock, massive hydraulic fracturing is 
required. This type of natural gas is known as tight gas. The 
matrix permeability of a tight gas reservoir is less than 0.1 
mD and the porosity of the matrix is less than 10% (Ben et 
al., 1993, Sharif 2007). Some productive work was 
conducted on a tight gas reservoir by using MBE. 
Application of MBE to the tight gas reservoir is not straight 
forward; however, it can misinterpret the results (Hagoort 
et al. 2000). P/Z vs Gp graph exhibits the nonlinear 
behavior in the case of a tight gas reservoir whereas the 
conventional reservoir shows the linear trend (Engler 
2000). The nonlinearity is related to the pressure 
measurement technique and reservoir characteristics. 
Nobakhtet al. (2010) introduced a simplified method to 
predict the production for the tight gas reservoir which 
exhibits extended linear flow periods. The advantages of 
this prediction method are: (i) only initial rate and original 
gas in place (OGIP) are the required parameters, and             
(ii) there is no need to forward the time step to calculate 
cumulative gas production (Morgan 2010). 

2. A Critical Literature Survey 

The material balance method is a great practice for 
reservoir engineers to find out the original-hydrocarbon-in-
place (OHIP) (Moghadam et al. 2009). However, the same 
equation is not applicable for all reservoirs. Due to the 
diversity of the hydrocarbon reservoir, researchers 
developed numerous models based on the conditions of 
the reservoirs. For an unconventional reservoir, a 
simplified MBE was proposed by Jensen and Smith (1997).   

2.1 General Material Balance Equation (GMBE) 

Schilthuis (1936) primarily presented a general MBE for the 
homogeneous reservoir. In the hydrocarbon reservoir, to 
determine drive mechanism and estimate their 
performance Schilthuis’ MBE was the only means                  
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until 1950. A very simple and spontaneous form of MBE by 
using figure 2 is: 
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MBE is the simplest presentation of the mass conservation 
in a hydrocarbon reservoir. Mass conservation theory can 
be applied for the prediction of hydrocarbon in the 
reservoir which is known as the “material balance 
equation” (Havlena and Odeh 1963). The equation 
developed by Havlena and Odeh is the expression of the 
constant behavior of the reservoir. For developing this 
fundamental equation, they considered some 
assumptions. The straight-line method of MBE requires 
creating of the plot of a group of variables vs. other 
variable groups. With the increasing production from the 
different unconventional reservoirs, industries are inclined 
with modified MBEs. The model developed by Havlena and 
Odeh (1963) has many limitations. It is an established and 
proven fact that the reservoir shows linear behavior only 
for some instances.  

In the majority of the cases, the reservoir shows nonlinear 
behavior. Walsh (1995) addressed that this non linearity 
appears when the properties of the reservoir alter during 
any change of the natural phenomena, and/or production. 
He presented a generalized MBE applicable to a reservoir 
where rock/fluid properties change. Buduka et al. (2015) 
showed the limitation of the straight-line method and 
provided a solution. Based on matching pressure and 
production data, they developed a mathematical model 
that is referred to the history matching. Therefore, there is 
an    immense    need    for   developing   a   comprehensive  

 

Fig. 2. Pore volume balance for material balance equation 
(redrawn from Ahmed et al., 2005). 

dynamic MBE where an option of considering the 
alteration of rock/fluid properties exists.     

2.1.1 MBE for Gas Reservoirs 

For the general material balance equation, some major 
assumptions were made (Ahmed et al. 2005): (i) the 
temperature, pressure, and porosity are constant within 
the reservoir, (ii) water is present in the water phase only, 
(iii) total thermodynamic balance i.e., uniformity of PVT 
data, (iv) production rate-independent fluid recovery, and 
(v) available production data which are reliable as well. The 
GMBE was formulated on a black oil reservoir and 
consequently, is not directly applicable for volatile oil or 
gas-condensate reservoirs. Besides, this model is not able 
to cover naturally fractured reservoirs as uniform porosity 
was considered (Bashiri et al. 2011). 

2.1.1.1 Shale Gas Reservoir 

The gas which is trapped in shale formation is known as 
shale gas. With the increasing interest in the USA and the 
rest of the petroleum world, shale gas has become an 
important resource (Stevens 2012). Some researchers are 
expecting that this type of gas will increase the energy 
supply throughout the world. Multiple porosities are the 
important characteristics of Shale gas reservoirs (Orozco 
and Aguilera 2017). These multiple porosities are: (i) 
adsorbed porosity, (ii) organic porosity, (iii) inorganic 
matrix porosity, (iv) natural fractures porosity, and (v) 
hydraulic fractures porosity (Aguilera and Lopez, 2013). 
Ignoring the gas dissolved in shale formation results in an 
uncertain estimate in the MBE method.  

The conventional gas MBE was modeled for a volumetric 
reservoir. However, p/Z vs. cumulative gas plot gives some 
unrealistic results in the case of some abnormal situations 
such as over-pressured condition (e.g., coal bed methane), 
and desorption condition (e.g., shale formation). Figure 3 
shows p/Z vs. cumulative production (Gp) plot for different 
reservoir conditions. From the figure, it is observed that all 

 

Fig. 3. Conventional P/Z vs. cumulative production plot 
(Singh et al., 2013, redrawn) 
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plots are nonlinear except for the volumetric one. This is 
because, in the straight-line method, only gas expansion 
was incorporated as a drive mechanism. There are 
different drive mechanisms involves based on different 
reservoir categories. In the water drive reservoir, water 
influx acts as a drive mechanism, formation, and residual 
fluid expansion acts as a driving force in an over-pressured 
reservoir. Singh et al. (2013) reported that gas desorption 
has a significant role in shale or CBM reservoir as a driving 
force. 

2.1.1.2 Abnormally Pressured Reservoir 

To calculate OGIP in the volumetric reservoir, the 
frequently recognized method is the MBE. Many 
production engineers follow this technique for abnormally 
pressured reservoirs and eventually ended up with a huge 
percentage of error in calculating the production 
estimation. The solution to lessen the error is to adjust 
rock and water compressibility between the conventional 
p/z plot and the plot of the abnormally pressured reservoir 
(Ramagost and Farshad 1981). There are significant 
differences in reservoir properties between normally and 
abnormally pressured reservoirs. The changes in these 
properties have a significant impact on the accuracy of 
hydrocarbon reserve estimation. These variable pressure 
conditions are needed to consider the improvement of 
accuracy in reserve estimation.  

The main statement of MBE for an abnormally pressured 
reservoir is the OGIP which is equal to the hydrocarbon 
withdrawals divided by the gas formation volume factor 
and water expansion. Mathematically, this can be written 
as: 
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On the other hand, Gonzalez and Blasingame (2008) 
developed a quadratic model of MBE for the abnormally 
pressured gas reservoir. In that model, they mainly focused 
on developing (i) a quadratic MBE model, (ii) plotting 
functions for the analysis of reservoir performance based 
on rigorous quadratic MBE, and (iii) a dimensionless type 
curve solution. Mathematically, the model is written as: 
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Where ω is defined as a function of cumulative gas 
production, ܩ௣. 

2.1.2 MBE for Oil Reservoir 

Fattah et al. (2009) recommended a set of comprehensive 
relationships for material balance oil (MBO) model 
variables based on more than 2,000 PVT data points. He 
also incorporated the gas-oil ratio. England (2002) 
identified complexity for such approximation during the 
improvement of some correlations. Figure 4 shows the 
concept of the gas-oil ratio for MBE. The figure explained 
how the oil, gas, and condensate are separated from 
single-phase reservoir fluid. Based on reservoir conditions, 
different types of oil reservoirs are available in the world. 
The two most common oil reservoir types are (i) saturated 
reservoir and (ii) under-saturated reservoir. Approved and 
accepted material balance methods are available for these 
two types of reservoirs. 

2.1.2.1 Saturated Reservoir 

A reservoir is said to be saturated when its temperature 
goes equal or below bubble-point. This type of reservoir is 
also known as a multi-phase reservoir. Mosobalaje (2015) 
developed a method to estimate hydrocarbon for this type 
of the reservoir. This method has been applied to two 
reservoir models and found it very effective to predict 
hydrocarbon reserve through a numerical simulation 
study. Two profiles are correlated to get a production 
profile as a time function. Whenever well performance 
prediction is completed using the inflow performance 
relationship (IPR), cumulative oil production was attained 
from the applicable MBE. To verify this model, the author 
applied it to the solution gas drive reservoir model 
published by Camacho and Raghvan (1987) and Frederick 
and Kelkar (2005). Agbodike et al. (2019) provide an 
accurate pressure history prediction for oil reservoirs. This  

 

Fig. 4. Concept of Oil-gas ratio for generalized material 
balance equation (Graas et al., 2000) (redrawn). 
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is a good method to estimate production in a field with 
limited bottom hole pressure (BHP) data. 

2.1.2.2 Under-saturated Reservoir 

When the reservoir temperature goes above the bubble 
point is known as an undersaturated reservoir. As the gas 
exists in a dissolved condition with oil, this type of 
reservoir is also called a single-phase reservoir. As there is 
a temperature difference between an under-saturated and 
saturated reservoir, a modified MBE should be used. Barry 
(1963) developed a model of MBE for a better estimation 
of an undersaturated reservoir. He incorporated the water 
drive condition during the development of his model. 
Walsh and Raghavan (1994) proposed a generalized 
material balance model thatapplies to the under-saturated 
volumetric reservoir. The author tried to eliminate 
assumptions that were considered by Havlena and               
Odeh (1963). Havlena and Odeh (1963) considered only 
gas expansion as a driving force. But in the majority of the 
cases, another mechanism also responsible for the            
driving force which has elaborately been explained                    
in section 2.1.1.1. 

2.2 MBE for Fractured Formation 

In many reservoirs, the primary pathways for hydrocarbon 
migration and production are natural fractures and faults. 
Sixty percent of the world's remaining oil reserves exist in 
fractured formations (Harris and Weber 2006). Natural 
fracture is the macroscopic discontinuity of reservoir rock 
which affects the multiphase flow within the                   
reservoir (Fig. 5). 

Despite the presence of fractures in all reservoirs from 
geological and reservoir engineering points of view, a 
formation can be defined as a fracture only when it affects 
(i.e. either positive or negative) the flow of the fluid within 
the reservoir (Aguilera, 1995). Sometimes,  a  small 

amount of hydrocarbon contained in the matrix can be 
easily produced where there is high permeability of the 
surrounding fractures which is frequently encountered in 
the Middle East. Aguilera used MBE for a saturated and 

 

Fig. 5. The physical structure of the dual-porosity model 
(Redrawn from Warren and Root 1963; Kazemi 1969). 

 undersaturated reservoir by considering the effective 
compressibility of matrix and fractures. A critical summary 
is given below about the research works conducted on the 
fractured reservoirs. 

2.2.1 Significance of Fractured Formation 

There is a huge impact of fractured formation on 
hydrocarbon production. By applying the role of the 
fracture condition of a reservoir, production rate and 
cumulative production can be increased. Huge research is 
going on to estimate the reserve by material balance 
technique considering the fractured condition. The 
importance of the fracture network is shown in Figure 6.            
A total of four cases of permeability (k) and porosity (ϕ) 
are shown in this figure. The figure shows that fault and 
fracture have a great effect on the porosity and 
permeability of a reservoir. From the figure, it is also clear 
that only the presence of fractures and faults is not enough 
to occur migration and storage of hydrocarbons.  

There should have a good combination of porosity and 
permeability in the fracture to increase the storage 
capacity and to facilitate the flow of hydrocarbon. In the 
case of very poor porosity and permeability of the matrix, 
fractures provide both storage and flow pathways. The 
matrix of high porosity and low permeability contribute 
significantly to production and this type of combination is 
suitable for secondary and tertiary recovery. 

There are three different types of fractures available in the 
reservoir. These are types I, II, and III, and all three 
fractures are created naturally. Table 1 and figure 7 shows 
the classification and role of the naturally fractured 
reservoir. Type I  reservoir provides  essential  porosity and 

 

Fig. 6. A diagram showing the importance of fracture and 
matrix. 
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Fig.7. Influence of matrix and fracture on porosity and 
permeability in a reservoir (Nelson, 1982) (Redrawn). 

Table 1 Classification of a naturally fractured reservoir. 

Type of 
fracture 

Characteristics Contribution in production 

Type I Primary porosity (ϕ) 
Primary Permeability (k) 

Cover large drainage area 

Type II Low permeability (k) Good initial production rate 

Type III Complex directional permeability (k) Sustained production 

Type IV Negative permeability (k) Not good 

 

permeability whereas type II provides only permeability 
which is also important for the flow of hydrocarbon. There 
is no direct contribution of the fracture of type III but it 
assists the other permeable path in the reservoir.  

The presence of natural fractures in the shale gas reservoir 
is universal. Their presence is the critical factor to estimate 
a prospective reservoir (Walton and McLennan 2013). A 
common mechanism of production from shale is to use the 
naturally fractured network as the formation is severely 
tight (Carlson and Mercer 1991). The effects of fractures 
and matrix compressibilities are considered for both 
saturated and undersaturated reservoirs. Hall (1953) and 
van der Knaap (1959) modeled some correlation to 
calculate that compressibility.  

Aguilera (1999) used his correlation for the fractured 
reservoir to estimate the recovery factor based on the 
different drive mechanisms. However, his model has some 
challenges and he provided some future guidelines. Most 
of the naturally fractured reservoirs have low matrix 
permeability and porosity. For this kind of reservoir, 
volumetric reserve calculation is a difficult task and hence 
reserves estimation. The author suggested categorizing 
this   estimation   as   a   possible   reserve.   Early   material  

Table 2 Quality of production based on fracture condition 
(Cherif et al., 2014). 

Well Proximity 
of faults 

Intensity of 
fractures 

Type of             
fracture 

Average 
production 

GS-03 E-W average Closed Bad 
GS-04 E-W strong Closed Bad 
GS-21 N120 strong Partially open Good 
GS-08 E-W average Partially open Bad 
GS-07 E-W strong Partially open Bad 
GS-15 N120 strong Open Good 
GS-17 N120 strong Open Good 
GS-14 N120 strong Open Good 
GS-11 E-W average Partially open Bad 

 

balance calculation provides the probable reserves but 
with the cumulative production and good pressure data, 
the reserve should be considered as a possible reserve.  

For the unproven reserves, decline curve analysis is a good 
approach from short reservoir history. However, the 
decline curve is not suitable for proved reserve unless the 
well is in the late production stage. 

Cherif et al. (2014) published an observation of the 
relationship between natural fracture and production. 
They showed how the fracture affects oil production in the 
unconventional reservoir. Fracture type has also an 
influence on oil production. Average production from a 
reservoir depends on not the only intensity of fractures but 
also on the type of fracture. Table 2 shows that the well 
GS-04 has a strong intensity of fracture but the average 
production is bad as the fracture is closed. GS-07 has also a 
strong fracture but is closed and therefore, the average 
production is bad. The information from Table 2 proves 
that there should have a good combination between the 
intensity of fracture and the type of fracture. Well no        
GS-14, GS-15, and GS-17 show a good combination. These 
wells have a strong and open fracture, eventually, these 
wells have good production.  

2.2.2 Artificial Fractured Formation (Hydraulic Fracturing)  

The United States and Canada have up to 780 TCF and 
1100 TCF shale gas reserves respectively (Frantz and 
Jochen 2005). These possible reserves were produced by 
the combination of horizontal well technology and 
hydraulic fracturing. After drilling the horizontal well, 
fracturing fluids are injected into the well at high pressure 
to create the fracture, which increases the permeability of 
the shale zone largely. These fracturing fluids will be 
recovered immediately after opening the well during a 
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post-stimulation ‘flow-back’. The flow back data helps 
significantly to design the fracture model and production 
forecasting. One of the main natural resources in the world 
is the shale gas reservoir of Argentina (Duarte et al. 2014). 
The dual porosity system is available in those reservoirs. 
The primary porosity is associated with the matrix, and 
fracture contains the secondary porosity. High matrix 
porosity but low permeability of the reservoir blocks the 
movement of the fluids. So, the fracture is very important 
for smooth permeable ways. In general, the adsorption 
mechanism works to store the gas to this kind of rock, 
even sometimes 85% volume is occupied (Watson 1989). 

2.2.2.1 Aguilera Approach 

Various authors have been facing huge challenges in the 
material balance method for years. The effect of fracture 
compressibility on the gas reservoir has been neglected. 
Researchers make some assumption for conventional MBE 
such as: (i) the effects of water influx is negligible, (ii) there 
is no change in reservoir formation, and (iii) the 
compressibility of water and formation are neglected. 
Although these assumptions have no significant effect in 
some cases, however, there are some cases where the 
effects are significant (e.g. fracture, compressible rock, 
etc.). In such a situation, conventional MBE has failed to 
give a proper estimation of the reserve. These types of 
challenges are also observed in the geo-pressured 
reservoir (Aguilera, 2003, and 2004). In the case of storage 
capacity, fractured reservoirs have much more influence 
on production engineering. Three types of storage can be 
identified in this kind of reservoir. Matrix blocks, which is 
the main storage for hydrocarbon, is denoted by Type A. 
Fracture networks are included with the matrix in Type B 
storage. The storage capacity of fracture networks is             
Type C (Aguilera 1995). In a reservoir of Type A, the matrix 
contains a significant portion of hydrocarbon whereas a 
very small amount in fractures (McNaughton 1975). 

2.2.3 Naturally Fractured Reservoir 

The Uniform porosity and compressibility assumption of 
the conventional MBE is no longer valid for naturally 
fractured reservoirs. The conventional MBE is effectively 
applicable for Type A and C, whereas modified MBE is 
suitable for Type B (Penuela et al. 2001). 

Penuelaet al. (2001) and Sandoval et al. (2009) were 
proposed some modified models for MBE within the 
naturally fractured reservoir (NFR). In those models, matrix 
OHIP and fracture OHIP were shown instead of overall 

OHIP. However, some hidden limitations are found in such 
modifications where matrix and fracture systems were 
supposed to have an individual effect on reservoir pore 
volume which is not an accurate assumption for NFR. 

For NFR only average pressure and compressibility should 
be modified which is indicated in Eq. (1). Bashiriet al. 
(2010) used a more logical modification which was the 
compressibility and porosity definition to derive the 
following equation. Gerami et al. (2007) Showeda more 
simplified formulation of the existing model where 
effective compressibility of NFR can be reduced. 
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The compressibilities of formation fluid and reservoir rock 
have a great effect on hydrocarbon production. For 
calculating the total compressibility of the reservoir, the 
porosity of the fracture and matrix has an equal role. The 
majority of the authors incorporated only the porosity of 
the matrix but avoided the porosity of fracture in their 
developed model. The porosity of the fracture has been 
neglected for a long time by the researcher. To 
characterize the reservoir more accurately, all types of 
porosities should be considered. Due to the negligence of 
fracture porosity, hydrocarbon reserve was not properly 
estimated. Gerami et al. (2007) proved that the total 
compressibility of the reservoir depends on the porosity of 
matrix and fracture, the compressibility of a matrix, and 
fracture and initial water saturation. The right-handed side 
of equation 6 has fracture porosity as a denominator. If 
this porosity is not considered in the above equation, the 
total compressibility will be increased which finally will 
affect the reserve estimation.  

2.3 Dynamic Material Balance Equation 

The dynamic material balance (DMB) is an additional 
feature of the flowing material balance equation and this 
equation applies to both constant and variable flow rates. 
Both the flowing material balance method and DMB 
method are suitable for the oil and gas reservoir. DMB is 
nothing but a systematic way that alters the flowing 
pressure at any point to the average reservoir pressure. 
Once the average reservoir pressure is calculated, the 
classical material balance method becomes eligible to 
apply and then the traditional P/Z vs Gp plots are 
generated. Although the author effectively described the 
procedure, still there are some common limitations like 
others. Unable to treat transient flow data is one of the 



18 Rashid and Hossain / Energy Thermofluids Eng. 1(1):11-28 (2021) 

major limitations of this method. Pressure-dependent 
permeability and variable skin factor have not been 
considered during the development of the equation 
(Mattar et al. 2006). 

DMB is also an effective method to determine the initial 
gas-oil ratio (m), initial-oil-in-place (N), reservoir 
permeability (K), skin factor (S), and average pressure 
decline history. An estimation of the original-oil-in-place 
(OOIP) and the determination of average pressure decline 
history can be obtained through the inclusion of time-
variable into the classical MBE. Average pressure decline 
history directly helps to calculate reservoir permeability 
and skin factor. The model was developed by assuming no 
flow existence in the bounded reservoir. This dynamic 
method has been developed based on a visual basic 
program (Ojo et al. 2003). 

2.4 Time-Dependent MBE  

Huge research works on MBE have been conducted for the 
last five decades (Havlena and Odeh 1963; Havlena and 
Odeh 1964; Ramagost and Farshad, 1981; Fetkovich et al. 
1991; Fetkovich et al.1998; Rahman et al. 2006a). All these 
previous researchers developed MBE for the gas reservoir 
by using an expansion drive mechanism. Hossain et al. 
(2009) incorporated time-dependent rock/fluid properties 
into the previous model. Expansion of oil, water, rock, and 
dissolved gas is included in their model. In addition, the 
authors incorporated the time-dependent rock/fluid 
properties which are named as memory function. This 
concept is defined as "the properties of rock and fluid that 
help to account for changes in rock properties (such as 
permeability and porosity) and fluid properties (such as 
pressure-dependent fluid properties and viscosity) with 
time and space" (Hossain 2016). Besides, a simple 
definition of memory concept is also proposed by Hossain 
(2016) as “the system can remember its previous state”.  

According to Doe (1983), “The past is the key to the 
future”. Irrespective of the research area, a variety of 
studies are going on to know about the future. With 
technological advancement, these future-predicting 
studies are going to be easier. Scientists or researchers are 
now predicting the future trend of the respective field with 
more accuracy. But one exclusive way to predict the future 
is the study of the past what is known as memory. 

Predicting future geologic trends through the study of past 
events has been initiated in the 1970s. The geologic 
prediction has been established through three major lines. 

These are climate change, element migration, and 
neotectonics (Doe 1983). 

In the fundamental sense, the thinking ability of mankind 
and animal is known as memory. In recent times, scientists 
have included nonliving things into the definition of 
memory. A computer has also memory which is called 
storage. This type of memory is also known as indirect 
signal memory. Rock also has a memory that includes long-
term history memory, behavior- reproducing memory, and 
stress memory. The main theme of stress memory of rock 
is: “every preceding step of excavation must give effects to 
all of the subsequent steps; i.e., rocks can remember all of 
the stresses they underwent in the past” (Xuefu et al., 

1995). For example, ݕ = ଷݔ , ௗ௬
ௗ௫

= ଵݕ ;ଶݔ3 = ଶݕ;ଶݔ3 =  .ݔ6

In the derivative, the order is an integer. What will happen 
if the order is a fraction such as ½? To answerthe 
engineering aspect, Du et al. (2013) published an article on 
“measuring memory with the order of fractional 
derivative.” In their observation, there are two stages of 
the memory process. One is a fresh stage and another one 
is the working stage. Fractional derivative is an index of 
memory. That’s why the order with integer numbers 
cannot give the proper idea of memory. The critical point 
between the fresh stage and the working stage is needed 
to be considered to get an accurate index of memory.  

As a result, the researcher should consider the system’s 
previous history for the future forecast of the outcome. 
Table 3 shows how the time variable is considered in 
different disciplines. Du et al. (2013) researched mechanics 
and he successfully incorporated the time variable as a 
fractional derivative in his works. He showed that there 
must be a change of properties after the change of 
gradient within a time interval. Xuefu et al. (1995) used the 
time variable in his works as a memory term where he 
explained that every previous step of excavation will give 
the effect to immediate step. Bruce (1983) conducted 
good research on time factors for the geological change 
and he summarized that the past explains what will 
happen next which we can designate as memory in our 
current subject research. 

2.4.1 Hossain et al. Approach 

Hossain et al. (2009) developed a generalized MBE based 
on the expansion drive mechanism to explore the effect. 
They introduced a new dimensionless parameter, ܥ௘௣௠  to 

illustrate the whole expansion drive mechanism which is 
written as: 
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Table 3 A summary of some research on the time factor. 

Researcher Field of research Considered terminology Theme of the research 

Hassan et al. (2016) Reservoir engineering Memory-based fluid viscosity, 
velocity, and pseudo-permeability 

Reservoir rock and fluid properties affect the pressure 
response with the effect of memory 

Du et al. (2013) Mechanics Fractional derivative (Continuous-
time function) 

The change of a property after change of gradient of that 
property within a time interval  

Hossain et al. (2009) 
Reservoir Engineering Enhanced oil recovery (EOR) Time-dependent permeability 

and viscosity 
Diminution of permeability with time due to the reduction of 
pore size  Chemical Engineering Polymer Manufacturing 

Hossain et al. (2008a) Reservoir engineering  Fluid flow through porous 
media 

Memory 
(time and space) 

During the geothermal action and chemical reactions in the 
reservoir, permeability and viscosity act as a time-dependent 
parameter  

Xuefuet al. (1995) Rock mechanics Memory  Every previous step of excavation will give the effect to 
immediate step 

Doe (1983) Geology Memory The past explains what will happen next 

Caputo (1999) Geothermic Time-dependent permeability effect of decreasing permeability with a memory formalism 

Caputo (2000) Water resource Pressure and density variations 
with memory formalism 

Permeability varies with time when there is a change of 
pressure gradient and flow 

Hossain et al. (2008b) Reservoir engineering; Reservoir characterization Memory as a stress-strain 
relationship  

Nonlinear and chaotic behavior of stress-strain relationship 
can be observed if memory is considered 

Hossainet al. (2008c) 
Reservoir engineering 
(EOR; Thermal recovery) 

Temperature variation with the 
change of time and distance 

Time, formation of fluid velocity, and steam injection velocity 
play a vital role in temperature profile behavior. 

 
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 (7) 

Equation (7) is applicable when the average reservoir 
pressure is considered. 

A dimensionless term, ܥ௘௣௠  in the above equation, can be 

counted as an important energy source for the production 
of oil in an expansion drive. Compressible residual fluids 
and expansion of rock are the two main drivers for their 
model equation. Referring to other researchers, the value 
of  ܥ௘௣௠  is not considered only as oil/gas compressibilities 

(Dake 1978; Fetkovich et al. 1991; Fetkovich et al. 1998; 
Ahmed 2000; Rahman et al. 2006b), rather  ܥ௘௣௠  is the 

function of present reservoir pressure, compressibilities, 
initial saturation, dissolved gas properties and associated 
volume fraction.  

2.4.2 Buduka et al. Approach 

The straight-line model of Havlena and Odeh is based on 
the existing reservoir drive. Estimation of initial-oil-in-place 
and cumulative oil produced by Havlena and Odeh method 
does not consider the time function of the average 
production of the field life. Buduka et al. (2015) presented 
an alternative Havlena and Odeh method in which 
underground recoverable functions F are plotted against 
oil plus gas expansion function E per cumulative time so 
that reservoir engineers can get the updated information 
each time limit. Warner et al. (1979) identified that, 
though the material balance method is used as a pre-

processing tool to estimate the hydrocarbon-in-place, it 
still has some limitations.  

2.4.2.1 Introduction of Time dimension  

By using Havlena and Odeh's model for general MBE, 
Buduka et al. (2015) introduced an alternative time 
function model. They defined all the terms in general MBE 
by incorporating the time function. They developed a 
model where a plot was constructed on the average 
production rate of reservoir vs. cumulative production. The 
time was set as an independent variable. 

 
1

n
p k kk

N Q t


  (8) 

k represents the time at the point of each reservoir 
average pressure and the total point of average pressure is 
n. Anderson and Mattar (2003) showed that the time 
function is mandatory to convert the general production 
condition into an equivalent constant rate solution. The 
time is a superposition function when the depletion is 
volumetric. For the bounded flow regime, the material 
balance with time function provides an exact conversion of 
constant pressure data to type curves of a constant rate 
(Blasingame et al. 1991, and Agarwal et al. 1998). Poe 
(2002) showed the usefulness of using a material balance 
with a time variable for the transient flow regime. 
Therefore, time-dependent MBE is needed to characterize 
the rock/fluid alteration during the production life of the 
reservoir in addition to get a reliable reserve estimate.  
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Table 4 Some recent research summary on the material balance method. 

Authors Assumptions Findings Limitations Inclusion of water 
influx, (We) 

Cabrapan et al. (2014) Presence of dual porosity Additional way to estimate OGIP 
No incorporation of water 
influx (We) × 

Ismadi et al. (2011) 
Homogeneous reservoir with 
radial geometry Combined static and dynamic method 

Different conditions of the 
reservoir are missing × 

Sandoval et al. (2009) 
Existence of four faces: oil, 
water, gas and naturally 
fractured rock 

Calculate IOIP for fracture containing 
saturated and under- saturated 
reservoir 

Some critical assumptions 
were made. 

e.g. 
ௗథ೑

ௗ௥
= 0 

× 

Peron et al. (2007) Tri- phase flow 
Contribution of matrix to the 
production 

Applicable only for high 
permeability fractures × 

Penuelaet al. (2001) 
instantaneous flow of 
hydrocarbons from the 
matrix to the fracture media. 

Simultaneous estimation of oil stored 
both in the matrix and fracture 

݀߶௙

ݎ݀
= 0 √ 

 

3 Critical Analysis 

After a long review of the existing work on the material 
balance method, some critical analyses should be 
provided. All the researchers tried to develop a model with 
more accuracy. The reviewed article proves that maximum 
effort in terms of knowledge and experiment was 
delivered to develop these innovative models. As a 
beginner in the research area, it is difficult and challenging 
to analyze the established work critically. However, a small 
attempt should be taken to improve the research skill. In 
most cases, single porosity is considered instead of dual 
porosity. Cabrapan et al. (2014) developed a model to 
estimate original-gas-in-place where he assumed the 
presence of dual porosity. Thus, he got a better estimation 
of hydrocarbon for a specific field. But on the contrary, the 
author didn’t incorporate the water influx which affects 
the production badly. So, this is a scope to conduct further 
research where an MBE model will be developed with the 
inclusion of dual-porosity and water influx. In Table 4, only 
five authors are included were four of them neglected the 
inclusion of water influx in their research. Some critical 
review is shown in Table 4.  

To increase the scope of further research, a critical review 
was conducted in terms of the considered parameter. 
Ibrahim et al. (2013) developed an MBE where he 
considered separator conditions. Singh (2013) 
incorporated the desorption term, Gd in his model. 
Penuela et al. (2001) added the net expansion of the 
matrix, Eo1, and net expansion of the fracture, Eo2.           
Table 5 shows a summary of some works based on the 
considered parameter. Pennuela (1998) considered dual-
porosity in his developed model where he considered the 

secondary porosity. It is already stated that most of the 
authors avoided the formation of compressibility in their 
developed model. Ambastha (1990a and 1990b) followed 
another approach to reduce the error created by neglected 
compressibility. He used a correction factor in his model to 
increase accuracy. Table 5 also shows that, some 
important parameters which are neglected by some 
researcher although some of them incorporated those 
parameters. For instance, Nader (1964) developed a model 
on two-phase reservoirs, where he incorporated the gas 
formation volume factor but didn’t consider the parameter 
water influx and solution gas-oil ratio.  This table also 
shows the development of some models with the inclusion 
of special parameters. 

One of the most important purposes of this review is to 
establish a theoretical framework for my new model 
development. Therefore, this review has been critically 
reviewed different articles in terms of dynamism, 
applicability, and limitations. Istayeva and King (2014) 
developed a dynamic material balance equation (DMBE) 
for the conventional reservoir. This equation appliesto pre-
and post-well operations. However, this model is suitable 
only for the carbonate reservoir. The model may be 
extended to develop a model for sandstone and limestone 
reservoir. Ismadi et al. (2011) offered a static and dynamic 
model for the conventional reservoir which is applicable 
for layered system reservoirs. He followed the pseudo-
steady state approach to develop his model. He considered 
that the reservoir is homogeneous and the shape of the 
reservoir is radial. So far it very rare to find a truly radial 
shape reservoir. Many of the reservoirs have an irregular 
shape. To overcome this limitation, a new DMBE can 
further be developed for the irregularly shaped reservoir.  
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Table 5 A comparative study on the developed model for material balance equation 

Reservoir Type Authors Equations 
Formation 
Volume factor 
(B) 

Water 
influx 
 (ࢋࢃ)

Solution 
gas oil 
ratio ࢙ࡾ 

Newly added 
parameter 

Oil 
Reservoir 

Saturated Oil 
Reservoir 

Hurst (1974)    t ti p t p si gN B B N B R R B     
    √ × √ Total formation 

volume factor, Bt 

Single phase 
reservoir Tracy (1955) 
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   × × × 

Instantaneous 
produced gas-oil 
ratio, 
dimensionless 
ratio, ݎ௜  

Active oil 
reservoir 

Schilthuis 
(1936) 
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   √ √ × Water Influx, We 

Gas 
Reservoir 

Shale gas and 
unconventional 
reservoir 

Singh (2013) 
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   × × × Desorption Term, 
ௗܩ  

Coal seam gas 
reservoir 

Penuela 
(1998) 
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Initial gas in the 
secondary porosity, 
ଶ௜ܩ  

Gas condensate 
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Humphrey 
(1991) 
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   × × × Mole fraction of 

vapor phase, y 

Normally 
pressured gas 
reservoir 

Ambastha 
(1990a)  1 pi i
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z z z G
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  × × 

Effects of 
formation and 
water 
compressibility, 
correction factor, C 

Mixed 
type 
reservoir 

Volatile oil and 
gas condensate 
reservoir 

Ibrahim et 
al. (2013) 
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   √ √ √ Separator 
conditions 

Multiphase 
Reservoir 

Penuela et 
al. (2001) 
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Net expansion of 
the matrix, ܧ௢ଵ; 
Net expansion of 
the fracture, ܧ௢ଶ 

Two phase 
reservoir 

Nader 
(1964) 
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   √ × × 

Cumulative oil, gas 
and water 
production, ∆௞ܰ 
, ∆௞ܩ ܽ݊݀ ∆௞ܹ 

 

A summary of previous works on the dynamic material 
balance method is given in Table 6. 

4. Research Challenges and Guidelines 

The material balance method is the basis for analyzing 
reserve estimation as well as reservoir performance. The 
combination of mass balance and energy balance is the 
governing equation for the material balance technique. To 
develop a rigorous MBE, some simplified assumptions are 
considered such as the reservoir is assumed to be 
homogeneous and isotropic, rock compressibility is 
assumed to be negligible, and the flow-through porous 

media are considered as a steady-state. These unsound 
assumptions will lead to a result of less accurate when 
reservoir properties are implemented in field conditions. 
Disregarding the time factor in the equation is one of the 
most vital causes of increasing the error of the result. 

Based on the conducted research, now it is clear that 
almost all the reservoir properties are time-dependent. 
There is a significant alteration of these reservoir 
properties while it changes with time due to production, 
in-situ stresses, mineralization, precipitation, etc. 
Therefore, there is a need to incorporate a time dimension 
during the development of a DMBE.   
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Table 6 A summary of some important works based on dynamism, applicability, and limitations. 

Authors Dynamic/ 
static 

Reservoir 
type 

Application Limitations 

Istayeva and King (2014) Dynamic Conventional Applicable for pre-and post-well operations. Only suitable for carbonate reservoir 

Ismadi et. al (2011) 
Static and 
dynamic Conventional 

Applicable for layered system reservoir, pseudo-
steady state approach  

Homogeneous reservoir with radial 
geometry 

Ojo et. al (2006) Dynamic Conventional 
Applicable for saturated and primarily depleted 
reservoir 

No guideline for fractured reservoir 
are suggested 

Mattar et. al (2006) Dynamic Conventional 
Applicable for either ݍ = ݐ݊ܽݐݏ݊݋ܿ  or variable 
flow rate. ௥ܲcan be obtained without shut in the 
production 

Fractured conditions of the reservoir 
are not considered 

Tian and Zhao (2004) Static Conventional N/A 
1. Phase equilibrium throughout the 
reservoir 
2. തܶ௥௘௦ =  ݐ݊ܽݐݏ݊݋ܿ

Ojo et. al (2004) Dynamic Conventional  Applicable even with limited pressure data Visual basic based program was used 

Ambastha (1990b) Static Conventional 
1. Applicable for normally pressured gas reservoir 
2. also for abnormally pressured gas reservoir 

1. Shows the non-linearity for p/z vs 
GP graph due to the pressure squared 
term(p2/z) 
2. Not applicable for oil reservoir 

Miranda and Raghavan 
(1975) Static Conventional  

1. for determining oil in place and 
2. the ratio of gas cap to oil column volume 

Not suitable water drive reservoir 

Hurst (1974) Static Conventional 
Developed a relationship between oil saturation in 
place versus reservoir pressure. Insensitive to establish OIP 

Tracy (1955) Static conventional Determination of instantaneous GOR Unreliable OIP in early life of a reservoir 

 

One of the important challenges for the shale gas reservoir 
is that the production mechanism is affected by the 
condensation. Artificial fracturing and gas injection may 
decrease this effect and improve performance. Low 
pressure is the most challenge for a saturated oil reservoir. 
Sufficient PVT and viscosity data can be used to overcome 
this challenge. Sometimes, in the dry gas reservoir, getting 
flowing bottom-hole data is a troublesome issue. In such a 
case, all types of data consideration would be a good 
solution.  

Sometimes, CO2is injected in the depleted reservoir to get 
a driving force for production. However, other impurities 
with injected CO2 create a major problem during 
production. The production engineer should be very 
careful during the injection. However, H2O is another 
choice in this regard. There are lots of multilayered 
reservoirs in the world. These multilayered reservoirs have 
different skin factor for each layer. This skin factor affects 
the response of pressure build-up. Multi-rate testing is a 
good solution for this situation. Some other challenges and 
guidelines are reported in Table 7. 

5. Conclusion 

The comprehensive literature review provides that a 
plethora of research works were conducted on thematerial 

balance method for both conventional and unconventional 
reservoirs. In these studies, many mathematical models 
were developed to estimate hydrocarbon reserves. Most 
of those models were developed based on some 
assumptions which don’t reflect the real behavior of the 
reservoir. The MBE cannot be used in prospective reserve 
estimations if the reservoir shows unconventional 
circumstances. The considered assumptions restrict the 
extensive use of the model.  

This analysis shows that in almost every work, few 
parameters are incorporated to develop a model. For 
instance, the continuous alteration of rock and fluid 
properties is ignored during the model development for 
the fractured reservoir. Without considering the time 
variable, the model of the material balance method cannot 
estimate the prospective reserve accurately. For example, 
in much of the study, the porosity and permeability of the 
reservoir were considered uniform throughout. However, 
as porosity and permeability are the parameters that 
change with time, the reserve predictions are no longer 
effective, and accurate. The dual porosity of the reservoir 
was also ignored in some research on the fractured 
reservoir. Considering single porosity instead of dual-
porosity will not give a reliable result on a reserve 
estimation. Without a proper estimation of the reserve,  



 Rashid and Hossain / Energy Thermofluids Eng. 1(1):11-28 (2021) 23 
 

 

Table 7 Some guidelines are based on current challenges. 

MBE for different 
reservoir conditions Author Current development Challenges Guidelines 

Shale gas reservoir 
Orozco and 
Aguilera 
(2017) 

Method of estimating 
OGIP and OCIP 

Production mechanism affected 
by condensation 

Artificial fracturing and gas injection are needed 
to improve the performance of this method 

Saturated oil 
reservoir 

Mosobalajeet 
al. (2015) 

A material balance 
equation for 
multiphase flow 

Approximation of gas oil ratio 
(Rp) and low pressure 

Accuracy of PVT and viscosity data should be 
increased 

Dry gas reservoir Guzman et al. 
(2014) 

Flowing gas material 
balance equation 

Insufficient flowing data Controllable and uncontrollable flow data are 
needed to consider 

Depleted gas 
reservoir 

Lawal and 
Frailey (2004) 

A material balance 
equation with CO2 
sequestration  

Impurities in injected CO2 Monitoring reservoir and CO2 during injection 

Tight gas reservoir 
Kuppeet al. 
(2000) 

- Layered material 
balance equation 
- A diagnostic tool to 
determine OGIP 

- Water influx are not considered 
- The pressure buildup response 
is affected by layer skin factor 

- Multi-rate tests may be conducted to verify 
layering 
- Advanced decline curve analyzed should be 
used 

Over-pressured gas 
reservoir 

Wang et al. 
(1999) 

Method of detecting 
aquifer influence, 
water influx and OGIP 

The availability of laboratory 
measured fluid compressibility 
(Cf)  

Cf, in the order of 10-5 1/psi suggested avoiding 
overestimation 

Under-pressured 
gas reservoir Wang (1998) 

A method of MBE for 
normal and abnormal 
pressure gradient 

Absence of aquifer Water injection may give a good estimation 

Water drive 
reservoir 

Sills  (1996) 
Water drive material 
balance with using 
CARET 

Constant water influx Variable aquifer compressibility may be added 

Undersaturated oil 
reservoir Barry (1963) 

A modification of 
standard MBE for the 
reservoir of above 
bubble point pressure.  

Consideration of circular 
reservoir 

Should be applied to some other field to justify 
the result 

 

the feasibility study of production will be interrupted and 
the economic viability of the project will be questionable.  
This critical review will help to understand how to modify 
the current MBEs for different reservoir types including 
unconventional reservoirs. In addition, this research will 
help to guide the development of DMBE. In such a case, 
the developed model can be applied for all the discussed 
conditions to accurately estimate the reserves of 
unconventional reservoirs too. 
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Nomenclature 

∆௞ܩ Cumulative gas production, scf 
∆௞ܰ Cumulative oil production, stb 
∆௞ܹ Cumulative water production, stb 
⍴௕ Bulk density, g/cm3 
 ௚ Gas formation volume factor, rb/scfܤ
௚௙ܤ  Gas formation volume factor for Fracture, rb/scf 
 ௚௜ Bg at initial reservoir pressure, rb/scfܤ
 ௚௠ Gas formation volume factor for matrix, rb/scfܤ
 ௢ Oil formation volume factor, rb/stbܤ
 ௢௙ Oil formation volume factor for fracture, rb/stbܤ
 ௢௜ Initial oil formation volume factor, b/stbܤ
 ௢௠ Oil formation volume factor for matrix, rb/stbܤ
  ௧ Total formation volume factor, rb/stbܤ
 ௧௜ Bt at initial reservoir pressure, rb/stbܤ
 ௪ Water formation volume factor, rb/stbܤ
  ௪௜ Bw at initial reservoir condition, bbl/stbܤ
 ௪௠ Water formation volume factor for matrixܤ
 ௘௣௠ Modified dimensionless parameter´ܥ
 Total compressibility, psi-1 ்ܥ
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 ௘௣௠ Parameter of effective compressibility due to residualܥ
fluid, dissolved gas and formation for the proposed MBE, 
dimensionless 

 ௙ Rock compressibility, psi-1ܥ

௙ܿ  Average fracture compressibility, psi-1 
 ௚ Gas compressibility, psi-1ܥ
 ௠ Matrix compressibility, psi-1ܥ
ܿ௠  Average matrix compressibility, psi-1 

ܿ௦  Reservoir rock formation compressibility at a reduced 
pressure p, psi-1 

 ௢ Oil compressibility, psi-1ܥ
 ௥௢௖௞ Rock compressibility, psi-1ܥ
 ௪ Water compressibility, psi-1ܥ
 ௪ Water compressibility, psi-1ܥ
 ఝ Pore compressibility, psi-1ܥ
 ௜ Initial expansion, RB/STBܧ
 ௢ଵ Net expansion of the original oil-phase in the matrixܧ

system, RB/STB 
  ௢ଶ Net expansion of the original oil-phaseܧ
 in the fracture network, RB/STB 
 ଶ௜ Initial gas in the secondary-porosity, scfܩ
 ௜ Initial gas in the reservoir, scfܩ
 ௜௡௝ Cumulative gas injection, m3ܩ
 ௣ Produced wellhead gas, scfܩ
 ௧ Total produced gas, scfܩ
 ఈ Marangoni numberܯ

ଵܰ Original oil-in-place in the rock matrix, stb 

ଶܰ Original oil in-place in the fractures, stb 

௣ܰ Cumulative produced oil, stb 

௅ܲ Liquid pressure, psi 

௜ܲ Initial pressure, psi 
ܳ௞ Cumulative production at average pressure point time,  
ܴ௣ Cumulative gas oil ratio 
ܴ௦௙  Solution gas oil ration in fracture 
ܴ௦௜ Initial solution gas-oil ratio 
ܴ௦௠  Solution gas-oil ratio in matrix 
ܴ௦௢௜ Initial solution gas-oil ratio  
ܴ௦௪௜  Initial solution oil-water ratio 
ܵு௖௟ Saturation of HCl 

௚ܵ௜ Initial gas saturation 
ܵ௢௜ Initial oil saturation 
ܵ௪௙  Final water saturation 
ܵ௪௜ Initial water saturation 
ܵ௪௠  Water saturation in matrix 

்ܶ Tank temperature, oR 

௦ܶ௖ Temperature in standard condition, oR 

௅ܸ Liquid volume, bbl 

௕ܸଶ Bulk volume of secondary layer, ft3 

௘ܹ Water influx (encroachment), cumulative, bbl 

௜ܹ௡௝ Water injected, cumulative, cm3 

௣ܹ Water produced, cumulative, cm3 
ܼ௖ Critical compressibility factor 

ܼ௜ Initial gas compressibility factor 
ܼ௦௖ Gas compressibility factor in standard condition 
ௗ௨ೣ

ௗ೤
 Velocity gradient along y-direction, 1/s 

 ௜ Inner radius of well, ftݎ
௞ݐ  Time at average pressure point time, hrs 
 ௙ Fluid influx, bblݓ
 ௜ Initial mole fractionݕ
 ஽ Thermal diffusivity, ft2/sߙ
 ௢ Oil viscosity, cpߤ
்߬  Shear stress at temperature T, Pa 
߶௚ Porosity of fracture 
߶௚ Granular porosity 
߶௜ Initial porosity 
߶௠ Porosity of matrix 
߶௡ Noneffective porosity 
߱௔ Fraction of the original gas in place 
߱௠ Fraction of original gas in place in matrix 
∆ܲ Pressure difference, psi 
∆ܶ Temperature difference  
 Effective matrix compressibility, 1/psi ´ܥ
 Effective fracture compressibility, 1/psi ´´ܥ
 Net expansion function ܧ
 Underground recoverable function ܨ
 Reservoir Permeability, mD ܭ
 Molecular weight, g/mol ܯ
ܲ Reservoir pressure, psi 
 Pressure as a function of time, psi (ݐ)ܲ
ܴ Gas-law constant, J/ (g mol-K) 
ܼ Gas deviation factor 
݉ Ratio of initial reservoir free-gas volume to initial 

reservoir oil volume 
 Radius of reservoir as a function of permeability, ft (݇)ݎ
 Mole fraction ݕ
 Gamma function ߁
 Fractional-order of differentiation, dimensionless ߙ
 Ratio of the pseudo permeability of the medium with ߟ

memory to fluid viscosity, ft3ܵଵାఈ/lbm 
 A dummy variable for time i.e. real part in the plane of ߦ

the integral, s 
߱ Fraction of original gas in place 
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